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Abstract
We find a new scaling invariance of the barotropic compressible Navier-Stokes
equations. Then it is shown that type I singularities of solutions with
lim sup
tրT
|divu(t, x)|(T − t) ≤ κ,
can never happen at time T for all adiabatic number γ ≥ 1. Here κ > 0 doesn’t
depend on the initial data. This is achieved by proving the regularity of solutions
under
ρ(t, x) ≤ M
(T − t)κ , M <∞.
This new scaling invariance also motivates us to construct an explicit type II
blowup solution for γ > 1.
1 Introduction
We study the Cauchy problem for the compressible Navier-Stokes equations


∂tρ+∇ · (ρu) = 0,
∂t(ρu) +∇ · (ρu⊗ u) +∇P (ρ) = µ∆u+ (λ+ µ)∇∇ · u,
P (ρ) = Aργ ,
(1.1)
which govern the motion of a compressible viscous and polytropic Newtonian fluid. As
usual, ρ : R+ × Ω → R+ denotes the density of the fluid flows, u : R+ × Ω → Rn is
the velocity field and P (ρ) = Aργ the scalar pressure. Moreover, Ω ⊆ Rn is a smooth
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bounded domain or the whole space with n (= 2 or 3) being the space dimension, the
constant A > 0, the adiabatic number γ ≥ 1 and the viscosity constants λ and µ satisfy
the physical constraint
µ > 0, nλ + 2µ > 0. (1.2)
If λ = µ = 0 in (1.1), one recovers the compressible Euler equations.
The main results of this paper are that there is a new scaling law for (1.1) and certain
type I singularities can be excluded. The new scaling invariance of the compressible
Navier-Stokes equations is stated as a theorem below which is our key observation.
Here we do not pursue the exact meaning of ”solution”.
Theorem 1.1. Let (ρ, u) be a solution to the compressible Navier-Stokes equations
(1.1) and κ > 0. Define


ρκ(t, x) = κ
1
γ ρ(κt, κ
γ+1
2γ x),
uκ(t, x) = κ
γ−1
2γ u(κt, κ
γ+1
2γ x).
(1.3)
Then (ρκ, uκ) is also a solution to (1.1) for every κ > 0.
While such a scaling invariance can be verified directly, we believe that it is inter-
esting in itself. As is well-known, the natural scaling invariance has played one of the
most essential roles in the study of incompressible Navier-Stokes equations at least from
a heuristical point of view (for instance, the famous Caffarelli-Kohn-Nirenberg theory
[2], the small data global existence type results in critical spaces [3, 14, 27, 40, 28, 31],
etc.). Certain type of asymptotic scalings are also one of the backbones in the study of
compressible Navier-Stokes equations (for instance, the work of Dachin [9] and so on).
The formula (1.3) gives the first precise scaling laws for the barotropic compressible
Navier-Stokes equations. Based on the scaling, one may formally assign the dimensions
of space-time variables and unknowns as follows: Each space variable xj has dimension
+1, the time variable t has dimension + 2γ
γ+1
, the density function ρ has dimension − 2
γ+1
and the velocity vector u has dimension −γ−1
γ+1
.
At a heuristical level, the scaling invariance given in (1.3) suggests that local strong
solutions with certain blowup rate will stop the formation of true singularities. It also
suggests us a way to construct finite time singular solutions with special forms. We will
confirm these intuitive ideas and we hope it could be useful elsewhere. We would like to
mention that for type I solutions of the Navier-Stokes equations in the incompressible
case, a significant progress has been achieved recently for the axi-symmetric case [4,
29, 5, 33].
For the compressible Navier-Stokes equations (1.1), there have been extensive liter-
atures on the existence and finite time singularity of solutions. In particular, in the ab-
sence of vacuum, a uniqueness result was obtained by Serrin [41] and the local existence
results were given by Nash [39] and Itaya [23]. Later on, non-vacuum small perturba-
tions of a uniform non-vacuum constant state have been shown to exist globally in time
and remain smooth in any space dimensions [37, 38, 15, 16, 17, 9, 6]. Those works are
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based on the dissipative nature of the system. In the presence of vacuum, the system is
strongly degenerate and the problem becomes extremely completed. A breakthrough
was made by Lions [35] where global existence of weak solutions with finite energy was
established for adiabatic number γ > 9
5
(see also Feireisl, Novotny´ and Petzeltova´ [13]
for the case of γ > 3
2
, and Jiang and Zhang [25, 26] for the case of γ > 1 under symme-
try). In recent years, there are tremendous works on the existence and uniqueness of
classical solutions in the presence of vacuum, see for instance, [12, 10, 43, 7, 8, 18, 36]
and the references therein. In particular, when the initial total energy is sufficiently
small, the well-posedness holds globally in time [18]. For the formation of singularities,
Xin [46] showed that in the case that the initial density has a compact support, any
smooth solution with u ∈ C1([0, T ] : Hs(Rn))(s > [n/2] + 2) to the Cauchy problem of
the full compressible Navier-Stokes system without heat conduction blows up in finite
time for any space dimension n ≥ 1 (see also [47, 22] for further results). Li, Wang
and Xin [34] even proved that the classical solution with finite energy does not exist in
the inhomogeneous Sobolev space for any short time under some natural assumptions
on initial data near the vacuum. For the compressible Euler Equations, finite time
singularities of solutions have been shown in [42] in the absence of vacuum and [32]
in the presence of vacuum. There are also many works on blowup criterions on the
compressible Navier-Stokes equations, for instance, see [11, 24, 20, 19, 21, 44, 45] and
the references therein. Of all those works, [16, 20, 44, 8, 45] are the most relevant for
our work and will be discussed in detail below.
We first impose the boundary condition when Ω is a bounded domain with a smooth
boundary
u = 0 on ∂Ω.
We assume that the initial data satisfy


ρ(0, ·) = ρ0(·) ∈ L1 ∩Hs,
u0 ∈ H10 ∩Hs,
s ≥ 3. (1.4)
It is clear that (1.4) implies ρ0(·) ∈ L∞ and ‖√ρ0u0‖L2 <∞. Here and in what follows
we use Hs and W s,q to denote the usual Sobolev space. For f ∈ H10 , if Ω is a smooth
bounded domain, we meant that f = 0 on the boundary in the sense of trace. Due
to [8], there exists a unique local strong solution to the compressible Navier-Stokes
equations with initial data (1.4) under certain compatibility conditions on the initial
data. Moreover, the local strong solution (ρ, u) satisfies


ρ ∈ L1 ∩ C([0, T ),W 1,q), u ∈ C([0, T ), L6), u(t, ·)|∂Ω = 0,
∇u ∈ C([0, T ), H1), ∫ t
0
‖∇2u‖2Lqds <∞ (∀ t < T ),
3 < q < 6, (1.5)
and the solution is regular at time T if
sup
0≤t<T
(‖∇ρ‖Lq + ‖∇u‖L2) <∞. (1.6)
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We remark that throughout this paper, we say the solution (ρ, u) is regularity at time
T if the continuity in time holds at t = T in (1.5).
For the local strong solution in (1.5), Huang and Xin [21] and Huang, Li and Xin
[19] proved the regularity at time T if
lim
tրT
∫ t
0
‖∇u+ (∇u)T‖L∞ds <∞.
Under extra constraint λ < 7µ, Sun, Wang and Zhang [44] (under ρ0 > 0) and inde-
pendently, Huang, Li and Xin [20] proved the regularity at time T if
sup
0≤t<T
‖ρ‖L∞ <∞.
Wen and Zhu [45] weakened the constraint to be λ < 29µ
7
and improved the result in
terms of ‖ρ‖Lq for a sufficiently large q. We will use some ideas and calculations in
[16, 20, 21, 44, 45] and follow the framework of [20, 21, 44].
The second result of this paper is the following theorem which asserts that the
solution in (1.5) is smooth at time T if it is type I. Due to the strong degeneracy of
the parabolic nature of the system, the index κ is not optimal in our theorems. Based
on the above scaling invariance (1.3), we conjecture that the optimal index might be
1
γ
, which seems a fantastic challenge to us.
Theorem 1.2 (No type I Singularities). Let γ ≥ 1, n = 3, A > 0, T > 0, K ≤ 7,
λ < Kµ be constants and satisfy the physical constraint (1.2). Let p ∈ (3, 6) be
determined in Lemma 2.3 and κ satisfy
κ < min
{ 1
γ + 3
,
1
3γ
,
p− 3
p+ 1
}
. (1.7)
Then (ρ, u) in (1.5) is regular at time T provided that
|∇ · u(t, x)| ≤ κ
T − t , as tր T. (1.8)
If K = 2, p can be taken to be 4.
The proof of Theorem 1.2 will be presented in Section 2 by assuming the validity
of Theorem 1.6.
Remark 1.3. The constant p determined in Lemma 2.3 depends only on the physical
viscosity constants λ and µ, but not on solutions and other constants. With extra
complicated calculations, one may improve K ≤ 7 as K ≤ 29
7
(see Wen and Zhu [45]
for that purpose).
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Remark 1.4. For γ > 1, it is clear that the following energy law holds for the solutions
in Theorem 1.2
1
2
∫ (
ρ|u|2 + A
γ − 1ρ
γ
)
dx+
∫ t
0
∫ (
µ|∇u|2 + (λ+ µ)|∇ · u|2)dx (1.9)
=
1
2
∫ (
ρ0|u0|2 + A
γ − 1ρ
γ
0
)
dx,
which will be frequently used throughout this paper. For instance, we often use the
following √
ρu ∈ L∞(L2x), ρ ∈ L∞(Lγx), ∇u ∈ L2(L2x).
In the whole space case, vacuum might be very common since ρ ∈ Lγ. In the bounded
domain case, vacuum is also allowed to appear.
Remark 1.5. When γ = 1, which corresponds to the isothermal process, instead of
using the basic energy law (1.9), we will use the conservation of mass
∫
ρ(t, x)dx =
∫
ρ0(x)dx
and the following alternative
1
2
∫
ρ|u|2dx+ µ
∫ t
0
‖∇u‖2L2ds+
λ+ µ
2
∫ t
0
‖∇ · u‖2L2ds (1.10)
=
1
2
∫
ρ0|u0|2dx+ A
∫ t
0
∫
ρ∇ · udxds− λ+ µ
2
∫ t
0
‖∇ · u‖2L2ds
≤ A
2‖ρ‖L1
2(λ+ µ)
∫ t
0
‖ρ‖L∞ds.
Under the constraint on ρ in Theorem 1.6, the right hand side of (1.10) is uniformly
bounded on t ∈ [0, T ). Hence the case of γ = 1 can be treated exactly in the same way
as γ > 1, with even a simpler calculation. So in what follows, we will only focus on
the case when γ > 1.
To obtain Theorem 1.2, we will prove the following stronger result, which implies
that certain possible concentration of density is removable and won’t lead to the for-
mulation of finite-time singularities.
Theorem 1.6. Let M > 0 and all other constants be given in Theorem 1.2 and satisfy
the same constraints in Theorem 1.2. Then (ρ, u) in (1.5) is regular at time T provided
that
ρ(t, x) ≤ M
(T − t)κ , 0 ≤ t < T. (1.11)
If K = 2, p can be taken to be 4.
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The proof of Theorem 1.6 will be presented in Section 3, Section 4 and Section 5.
The third result of this article is to construct the following explicit solution to the
compressible Euler and Navier-Stokes equations which blows up at any given finite
time T > 0.
Theorem 1.7. For any T > 0, the following solution pair
ρ(t, x) = C
1
γ−1
n
( |x|
T − t
) 2
γ−1
, u(t, x) = − 2x
[n(γ − 1) + 2](T − t)
solves the compressible Navier-Stokes equations (1.1) for all γ > 1, where constants Cn
are given by
C2 =
(γ − 1)2
2Aγ3
, C3 =
3(γ − 1)2
Aγ(3γ − 1)2 . (1.12)
Remark 1.8. For the physical adiabatic number 1 < γ < 3, it is easy to check that
there holds
ρ ∈


C∞([0, T ), C1+[α],α−[α](Rn)), if α > 0 is not an integer,
C∞([0, T ), Cα+1(Rn)), if α > 0 is an odd integer,
C∞([0, T ), Cα,1(Rn)), if α > 0 is an even integer.
Here α = 3−γ
γ−1
.
The construction of the explicit blowup example is inspired by the above dimension
analysis and the scaling invariance (1.3). Indeed, we consider self-similar solutions of
the following form 

ρ(t, x) = 1
(T−t)
1
γ
Θ( x
(T−t)
γ+1
2γ
),
u(t, x) = 1
(T−t)
γ−1
2γ
V ( x
(T−t)
γ+1
2γ
).
(1.12)
One can derive that (Θ, V ) are governed by (6.1). Note that (6.1) is still a complicated
system of nonlinear differential equations and in general hard to solve. Fortunately,
the special structure of (6.1) allows us to construct explicit solutions to it, which gives
the explicit solution in Theorem 1.7. Details are presented in Section 6. We remark
that the solution in Theorem 1.7 is constructed in Ho¨lder spaces. It is an interesting
question to construct singular solutions to (6.1) which live in Sobolev spaces before the
blowup time.
2 Preliminaries and Proof of Theorem 1.2
Let us first give the proof of Theorem 1.2, by assuming the validity of Theorem 1.6.
The proof of Theorem 1.6 will be postulated to Section 3, Section 4 and Section 5.
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Proof of Theorem 1.2. With loss of generality, by using (1.8), one may assume that
|∇ · u(t, ·)| ≤ κ
T − t , 0 ≤ t < T.
By the continuity equation in (1.1), one has
ρ(t, x) ≤ ‖ρ0‖L∞e
∫ t
0 ‖∇·u(t,·)‖L∞ds
≤ ‖ρ0‖L∞T
κ
(T − t)κ , ∀ 0 ≤ t < T.
Then the proof of Theorem 1.2 is a straightforward consequence of Theorem 1.6.
Let v(t, x) be the solution to
Lv = A∇ργ ,
where the elliptic operator L is defined by
Lu = µ∆u+ (λ+ µ)∇∇ · u.
In the case of a smooth bounded domain, we also impose the boundary condition
v = 0 on ∂Ω.
By standard elliptic estimates (see, for instance, [44] and the references therein), the
assumption on ρ in Theorem (1.6) and the interpolation inequality, one has
Lemma 2.1. Under the assumption of Theorem 1.6, there hold

‖∇v(t)‖Lq . ‖ργ‖Lq . ‖ργ‖
1
q
L1
(T − t)−κγ(1− 1q ), 1 < q <∞,
‖∇v(t)‖BMO . ‖ργ‖L∞ . (T − t)−κγ,
(2.1)
and
‖∇2v(t)‖Lq . ‖ρ‖γ−1L∞ ‖∇ρ‖Lq . (T − t)−κ(γ−1)‖∇ρ‖Lq . (2.2)
The next lemma is well-known and can be found in, for instance, [1, 30, 44].
Lemma 2.2. Let v be defined above and q > 3. Then
‖∇v‖L∞ . 1 + ‖ρ‖γL∞ ln
(
e + ‖ρ‖γ−1L∞ ‖∇ρ‖Lq
)
.
Proof. Indeed, by [1, 30, 44], one has
‖∇v‖L∞ . 1 + ‖∇v‖L2 + ‖∇v‖BMO ln
(
e+ ‖∇2v‖Lq
)
.
Then (2.1), (2.2) and the basic energy law (1.9) imply that
‖∇v‖L2 + ‖∇v‖BMO ln
(
e + ‖∇2v‖Lq
)
. ‖ρ‖
γ
2
L∞ + ‖ρ‖γL∞ ln
(
e+ ‖∇ργ‖Lq
)
. ‖ρ‖γL∞ ln
(
e + ‖ρ‖γ−1L∞ ‖∇ρ‖Lq
)
.
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At last, let us give an elementary lemma.
Lemma 2.3. Let λ < Kµ, K ≤ 7 and the physical constraint (1.2) be satisfied. Then
there exists p ∈ (3, 6) such that the following quadratic form
f(X, Y ) = 4µ(X2 + Y 2)− (λ+ µ)R2Y 2 + 4µRY 2
when R is evaluated at p − 2, has a lower bound of X2 + Y 2 multiplied by a small
positive constant. Moreover, if K = 2, then p can be taken to be 4.
Proof. With a little bit ambiguity of notation f , we consider the following quadratic
polynomial for 1 < R < 4:
f(R) = 4µ− (λ+ µ)R2 + 4µR.
Note that λ+ µ > 0 under (1.2). It is clear that f(2) = 4(2µ− λ) and f(1) = 7µ− λ.
By an elementary analysis, one can conclude that
f(1+) > 0, if λ < Kµ, K ≤ 7,
f(2) > 0, if λ < Kµ, K ≤ 2.
Hence, for all λ < Kµ, K ≤ 7 satisfying (1.2), there exists p ∈ (3, 6) which might be
very close to 3 such that
f(p− 2) > 0.
Moreover, if K ≤ 2 and (1.2) holds, then p can be taken to be 4. Then the lemma is
proved by rewriting f(X, Y ) as
f(X, Y ) = 4µX2 + Y 2f(R).
3 Energy Estimates
In this section we follow the framework in [44, 21] and prove two energy estimates.
So we will omit those same computations as there. The first one gives the uniform
in time bound of the L1 norm of ρ|u|p under the assumptions in Theorem 1.6. The
second one is on the estimate of L2 type energy estimate for ∇(u− v), together with a
space-time estimate of ∇2(u− v). Then we give a corollary which asserts that the L2
norm of ∇u may grow in time at (T − t)−κγ2 , while ∫ T
0
‖∇u‖1+δ
L6
dt is still bounded for
some δ ∈ (0, 1). From now on we focus on the whole space case. The bounded domain
case with smooth boundaries can be treated similarly without any essential difficulty
in view of the homogenous Dirichlet boundary condition for u and v.
Let us first prove the following lemma.
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Lemma 3.1. Under the assumptions in Theorem 1.6, there holds
∥∥ρ|u|p∥∥
L1
+
∫ T
0
∥∥|u| p2−1|∇u|∥∥2
L2
dt . 1.
Proof. Standard estimates as [16, 18, 44] yield
1
p
d
dt
∫
ρ|u|pdx ≤ A
∫
ργ∇ · (|u|p−2u)dx
−
∫
|u|p−2(µ|∇u|2 + (p− 2)[µ− (λ+ µ)p− 2
4
]|∇|u||2)dx.
Set X2 = |∇u|2 − |∇|u||2 and Y 2 = |∇|u||2. Then by Lemma 2.3, one has
∫
|u|p−2(µ|∇u|2 + (p− 2)[µ− (λ+ µ)p− 2
4
]|∇|u||2)dx ≥ c0
∫
|u|p−2|∇u|2dx
and thus
d
dt
∫
ρ|u|pdx+ pc0
∫
|u|p−2|∇u|2dx ≤ Ap
∫
ργ∇ · (|u|p−2u)dx. (3.1)
Let us treat the right hand side in (3.1) as follows:
∫
ργ∇ · (|u|p−2u)dx
.
∫
ργ+
1
p
− 1
2 (ρ|u|p) 12− 1p (|u| p2−1|∇u|)dx
. ‖ρ‖γ+
1
p
− 1
2
Lpγ+1−
p
2
∥∥ρ|u|p∥∥ 12− 1p
L1
∥∥|u| p2−1|∇u|∥∥
L2
.
Inserting the above into (3.1) and using Young’s inequality, one has
d
dt
∫
ρ|u|pdx+ pc0
∫
|u|p−2|∇u|2dx . ‖ρ‖2γ+
2
p
−1
L
pγ+1−
p
2
∥∥ρ|u|p∥∥1− 2p
L1
. (3.2)
It follows from (1.11) that for T
2
≤ t < T
‖ρ‖2γ+
2
p
−1
L
pγ+1−
p
2
. ‖ργ‖
2
p
L1
‖ρ‖
2
p
[(p−1)γ+1− p
2
]
L∞
. (T − t)− 2p [(p−1)γ+1− p2 ]κ.
Due to (1.7), one has
2
p
[(p− 1)γ + 1− p
2
]κ <


γ+(1− 2
p
)(γ−1)
γ+3
<
γ+ 1
2
γ+3
, 1 ≤ γ ≤ 3
2
,
γ+(1− 2
p
)(γ−1)
3γ
< 2γ−1
3γ
, γ > 3
2
.
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Hence, (T − t)− 2p [(p−1)γ+1− p2 ]κ is integrable on [0, T ] and
∥∥ρ|u|p∥∥
L1
. 1. (3.3)
Using (3.3) and integrating (3.2) with respect to time, one further attains
∫ T
0
∥∥|u| p2−1|∇u|∥∥2
L2
dt . 1.
The proof of the lemma is completed.
Recall the important quantity
ω = u− v,
whose divergence is refereed to as the effective viscous flux in literature (see [16] for
instance). Using (2.1) and Lemma 3.1, we have
Lemma 3.2. Let
δ =


γ+2
γ+4
, 1 ≤ γ ≤ 3
2
,
3γ−1
3γ+1
, γ > 3
2
.
Under the assumptions of Theorem 1.6, it holds that
sup
0≤t<T
‖∇ω‖L2 . 1,
∫ T
0
‖√ρωt‖2L2dt . 1,
∫ T
0
‖∇2ω‖1+δ
L2
dt . 1.
Proof. Note that 

ρ∂tω − Lω = ρF,
ω(t, ·)|∂Ω = 0,
where
F = −u · ∇u−A∂tL−1∇ργ .
A straightforward energy estimate gives that
1
2
d
dt
∫ (
µ|∇ω|2 + (λ+ µ)|∇ · ω|2)dx+
∫
ρ|∂tω|2 (3.4)
=
∫
ρFωtdx ≤ 1
2
∫
ρ|∂tω|2dx+ 1
2
∫
ρ|F |2dx.
Clearly, one has
1
2
∫
ρ|F |2dx ≤
∫
ρ|u · ∇u|2dx+ A2
∫
ρ|∂tL−1∇ργ |2dx.
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For 1 ≤ γ ≤ 3
2
, using interpolation inequalities, (2.1) and (1.11), we can first
estimate that ∫
ρ|∂tL−1∇ργ |2dx (3.5)
=
∫
ρ|L−1∇∇ · (ργu) + (γ − 1)L−1∇(ργ∇ · u)|2dx
. ‖ρ‖L∞‖ργu‖2L2 + ‖ρ‖L 32 ‖ρ
γ∇ · u‖2L2
. ‖√ρu‖2L2‖ρ‖2γL∞ + ‖ρ‖
2γ
3
Lγ‖ρ‖
4γ
3
+1
L∞ ‖∇u‖2L2
. (T − t)−2κγ + (T − t)−κ( 7γ3 +1)
+ (T − t)−κ( 4γ3 +1)‖∇ω‖2L2.
For γ > 3
2
, one simply has∫
ρ|∂tL−1∇ργ |2dx (3.6)
. ‖√ρu‖2L2‖ρ‖2γL∞ + ‖ρ‖L 32 ‖ρ‖
2γ
L∞‖∇u‖2L2
. (T − t)−2κγ + (T − t)−3κγ + (T − t)−2κγ‖∇ω‖2L2.
Next, the second tern in (3.4) can be estimated as follow∫
ρ|u · ∇u|2dx . ‖ρ‖1−
2
p
L∞ ‖ρ|u|p‖
2
p
L1
‖∇u‖2
L
2p
p−2
. (T − t)−κ(1− 2p )‖∇v‖2
L
2p
p−2
+ (T − t)−κ(1− 2p )‖∇ω‖2−
6
p
L2
‖∇ω‖
6
p
L6
. (T − t)−κ(1− 2p )−κγ(1+ 2p ) + (T − t)−κ(1− 2p )‖∇ω‖2−
6
p
L2
‖∇2ω‖
6
p
L2
.
Here one has used interpolation inequality, (2.1) and Lemma 3.1. On the other hand,
one also has
‖∇2ω‖L2 . ‖ρωt‖L2 + ‖ρF‖L2
. (T − t)−κ2 ‖√ρωt‖L2 + (T − t)−κ2 ‖√ρF‖L2 .
Hence, ∫
ρ|u · ∇u|2dx . (T − t)−2κ−κ(γ−1)(1+ 2p ) (3.7)
+ (T − t)−κ(1+ 1p )‖∇ω‖2−
6
p
L2
(‖√ρωt‖L2 + ‖√ρF‖L2)
6
p .
By (3.5), (3.6), (3.7) and using Young’s inequality, we have∫
ρ|F |2dx ≤ 1
2
‖√ρωt‖2L2 + (T − t)−κ(1+
1
p
) p
p−3‖∇ω‖2L2 (3.8)
+
{
(T − t)−κ( 7γ3 +1) + (T − t)−κ( 4γ3 +1)‖∇ω‖2L2
}
11≤γ≤ 3
2
+
{
(T − t)−3γκ + (T − t)−2γκ‖∇ω‖2L2
}
1γ> 3
2
.
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Inserting the above into (3.4), and using Gronwall’s inequality and the integrability
condition 

κ(1 + 1
p
) p
p−3
< 1,
κ
(
7γ
3
+ 1
)
< 7γ+3
3(γ+3)
< 1, if 1 ≤ γ ≤ 3
2
,
3γκ < 1, if γ > 3
2
,
one has
sup
0≤t<T
‖∇ω‖L2 . 1,
∫ T
0
∥∥√ρωt‖2L2dt . 1.
Consequently, using the above estimates and by revisiting (3.8), one has
∫ T
0
∫
ρ|F |2dxdt . 1.
which in turn gives that
∫ t
0
‖∇2ω‖1+δ
L2
dt .
∫ t
0
‖ρ‖
1+δ
2
L∞
(‖√ρωt‖L2 + ‖√ρF‖L2)1+δds
. 1,
where one has used the Cauchy inequality and the integrability condition
1 + δ
1− δκ <


1+ γ+2
γ+4
1− γ+2
γ+4
1
γ+3
= 1, if 1 ≤ γ ≤ 3
2
,
1+ 3γ−1
3γ+1
1− 3γ−1
3γ+1
1
3γ
= 1, if γ > 3
2
This finishes the proof of the lemma.
Remark 3.3. It should be emphasized here that the conclusion on the space-time
estimate may not be true for δ = 1. But the scaling heuristics indicates that such kind
of estimate with any δ > 0 is crucial (but κ may be smaller if δ is smaller).
A straightforward consequence of Lemma 3.2, together with Lemma 2.1 gives that
Corollary 3.4. Let δ be given in Lemma 3.2 and all other assumptions be the same
as in Theorem 1.6. Then it holds that
‖∇u(t, ·)‖2L2 . 1 + (T − t)−κγ,
∫ T
0
‖∇u‖1+δ
L6
dt . 1.
Proof. Indeed, one has
‖∇u(t, ·)‖2L2 . ‖∇v(t, ·)‖2L2 + ‖∇ω(t, ·)‖2L2
. ‖ργ‖2L2 + ‖∇ω‖2L2 . (T − t)−γκ + ‖∇ω‖2L2
. 1 + (T − t)−γκ
12
and
∫ T
0
‖∇u‖1+δ
L6
dt .
∫ T
0
‖∇v‖1+δ
L6
dt+
∫ T
0
‖∇ω‖1+δ
L6
dt
.
∫ T
0
‖ργ‖1+δ
L6
dt+
∫ T
0
‖∇ω‖1+δ
L6
dt . 1.
Here one has used the fact that 5κγ(1+δ)
6
< 1.
4 Further Estimate for the Effective Viscous Flux
In this section we estimate the high order regularity of the quantity ω. We follow
the calculations in [15]. So some similar calculations are omitted below. Denote the
material derivative of f by
f˙ = ∂tu+ u · ∇u.
We have
Lemma 4.1. Let all assumptions in Theorem 1.6 be true and δ be given in Lemma
3.2. Then one has
∫
ρ|u˙|2dx+
∫ t
0
‖∇u˙‖2L2ds . 1. (4.1)
Proof. Starting from
ρu˙+ A∇ργ = Lu,
one can derive that (see [15])
d
dt
∫
ρ|u˙|2dx+ ‖∇u˙‖2L2 + ‖∇ · u˙‖2L2 (4.2)
≤ C‖∇u‖4L4 + 2A
∫ [
∂tρ
γ∇ · u˙+ (u · ∇u˙) · ∇ργ]dx.
First, note that
∫
∂tρ
γ∇ · u˙+ (u · ∇u˙) · ∇ργdx
= −
∫ [
γργ(∇ · u)∇ · u˙+ (u · ∇ργ)∇ · u˙− (u · ∇u˙) · ∇ργ]dx
= −
∫ [
(γ − 1)ργ(∇ · u)∇ · u˙+ ργtr(∇u˙∇u)]dx
≤ ‖ργ‖L1‖ρ‖3γL∞ + A2‖∇u‖4L4 +
1
4A
‖∇u˙‖2L2 .
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Inserting the above into (4.2) leads to
d
dt
∫
ρ|u˙|2dx+ ‖∇u˙‖2L2 + ‖∇ · u˙‖2L2 (4.3)
≤ C‖∇u‖4L4 + C‖ργ‖L1‖ρ‖3γL∞
. ‖∇u‖4L4 + (T − t)−3γκ.
which, by integration with respect to time, gives that
∫
ρ|u˙|2dx+
∫ t
0
‖∇u˙‖2L2ds .
∫ t
0
‖∇u‖4L4ds+ 1. (4.4)
Now by the interpolation inequality and Corollary 3.4, one has
‖∇u‖4L4 ≤ ‖∇u‖L2‖∇u‖3L6
. ‖∇u‖L2‖∇u‖L6
(‖∇v‖L6 + ‖∇ω‖L6)2
. ‖∇u‖L2‖∇u‖L6
(‖ργ‖ 16
L1
‖ρ‖
5γ
6
L∞ + ‖∇2ω‖L2
)2
. (T − t)− γκ2 − 5γκ3 ‖∇u‖L6 + (T − t)−
γκ
2
−κ‖∇u‖L6‖√ρu˙‖2L2
Note that
(T − t)− γκ2 − 5γκ3 ‖∇u‖L6
. (T − t)− γκ2 − 5γκ3 ‖∇v‖L6 + (T − t)−
γκ
2
− 5γκ
3 ‖∇ω‖L6
. (T − t)− γκ2 − 5γκ2 + (T − t)− 8γκ3 ‖√ρu˙‖L2 .
It is clear that (T − t)− γκ2 − 5γκ2 is integrable in time. Moreover, by the definition of δ
and the constraint on κ, one also has
γκ
2
+ κ <
δ
1 + δ
,
8γκ
3
< 1.
Hence, we have
∫ t
0
(T − s)− (γ+2)κ2 ‖∇u‖L6ds .
( ∫ T
0
(T − t)−κ(γ+2)2 1+δδ dt
) δ
1+δ
. 1.
Using (4.4) and Gronwall’s inequality, one can finish the proof of the lemma.
5 Blowup Criterions and Proof of Theorem 1.6
Consider the continuity equation. Applying ∇ and then performing the energy esti-
mate, one can derive easily that
d
dt
‖∇ρ‖qLq . ‖∇u‖L∞‖∇ρ‖qLq +
∫
ρ|∇2u||∇ρ|q−1dx.
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For 3 < q < 6, one can estimate the last term in the above inequality by∫
ρ|∇2u||∇ρ|q−1dx
. ‖ρ‖L∞
(‖∇2v‖Lq + ‖∇2ω‖Lq)‖∇ρ‖q−1Lq
. ‖ρ‖γL∞‖∇ρ‖qLq + ‖ρ‖L∞‖∇2ω‖Lq‖∇ρ‖q−1Lq ,
where (2.2) has been used. Moreover, by Lemma 2.2, there holds
‖∇u‖L∞ . ‖∇ω‖L∞ + ‖∇v‖L∞
. 1 + ‖∇ω‖L∞ + ‖ρ‖γL∞ ln
(
e + ‖ρ‖γ−1L∞ ‖∇ρ‖Lq
)
.
Combining the above three estimates together, we arrive at
d
dt
‖∇ρ‖Lq . ‖ρ‖L∞‖∇2ω‖Lq +
(
1 + ‖∇ω‖L∞ + ‖ρ‖γL∞ ln(e + ‖ρ‖γ−1L∞ )
)
× ‖∇ρ‖Lq ln
(
e+ ‖∇ρ‖Lq
)
.
(
1 + ‖∇ω‖L∞ + ‖ρ‖L∞‖∇2ω‖Lq + ‖ρ‖γL∞ ln(e + ‖ρ‖L∞)
)
× ‖∇ρ‖Lq ln
(
e+ ‖∇ρ‖Lq
)
.
Then the Gronwall’s inequality shows that
‖∇ρ‖Lq . 1, 0 ≤ t ≤ T
provided that 

∫ T
0
‖ρ‖γL∞ ln(e+ ‖ρ‖L∞)dt <∞,∫ T
0
(‖∇ω‖L∞ + ‖ρ‖L∞‖∇2ω‖Lq)dt <∞.
(5.1)
Clearly, the first one in (5.1) holds under (1.11). It remains to check the second
inequality in (5.1). By interpolation and using Lemma 3.2, one has
‖∇ω‖L∞ + ‖ρ‖L∞‖∇2ω‖Lq
. ‖∇ω‖
2q−6
5q−6
L2
‖∇2ω‖
3q
5q−6
Lq + ‖ρ‖L∞‖∇2ω‖Lq
. (T − t)−κ‖∇2ω‖Lq .
Hence, using
ρu˙ = Lω,
one can get
∫ T
0
(‖∇ω‖L∞ + ‖ρ‖L∞‖∇2ω‖Lq)dt
.
∫ T
0
(T − t)−κ‖ρu˙‖Lqds
.
∫ T
0
(T − t)−κ‖ρ‖
L
6q
6−q
‖u˙‖L6ds.
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For γ ≤ 6q
6−q
, then one can use the interpolation inequality to derive that
∫ T
0
(‖∇ω‖L∞ + ‖ρ‖L∞‖∇2ω‖Lq)dt
.
∫ T
0
(T − t)−κ(2− 6−q6q γ)‖ργ‖
6−q
6q
L1
‖∇u˙‖L2ds
.
∫ T
0
‖∇u˙‖2L2dt+
∫ T
0
(T − t)−κ(4− 6−q3q γ)dt.
For γ > 6q
6−q
, it holds that
∫ T
0
(‖∇ω‖L∞ + ‖ρ‖L∞‖∇2ω‖Lq)dt
.
∫ T
0
‖∇u˙‖2L2dt+
∫ T
0
(T − t)−2κdt.
Using (4.1) in Lemma 4.1 and noting that κ(4− 6−q
3q
γ) < 1, one has
∫ T
0
(‖∇ω‖L∞ + ‖ρ‖L∞‖∇2ω‖Lq)dt . 1.
Now we have proved that
‖∇ρ‖Lq . 1, 0 ≤ t ≤ T.
By Sobolev imbedding, one has
ρ . 1, 0 ≤ t < T.
Now the proof of Theorem 1.6 follows from the known blowup criteria, see [20, 44].
Alternatively, one can also estimate that
‖∇u(t, ·)‖2L2 . ‖∇v(t, ·)‖2L2 + ‖∇ω(t, ·)‖2L2
. ‖ργ‖2L2 + ‖∇ω‖2L2 . 1
for all 0 ≤ t < T . Then using non-blowup criterion (1.6), one finishes the proof of
Theorem 1.6.
6 Construction of the Explicit Blowup Solution
Now we construct the explicit blowup solution and prove Theorem 1.7. The key here is
to find an explicit solution to an over-determined nonlinear system of equations which
serves as the profile of a self-similar solution to the compressible Euler and Navier-
Stokes equations.
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Let us derive the system governing the profile (Θ, V ). Denote
y =
x
(T − t) γ+12γ
.
Due to (1.12), it is easy to compute that
∂tρ(t, x) =
1
(T − t) 1γ+1
[1
γ
Θ(y) +
γ + 1
2γ
y · ∇yΘ(y)
]
and
ρ∂tu(t, x) =
1
(T − t) γ+12γ +1
[γ − 1
2γ
V (y) +
γ + 1
2γ
y · ∇yV (y)
]
Θ(y).
Moreover, one can also compute that
∇x · (ρ(t, x)u(t, x)) = 1
(T − t) 1γ+1
∇y · (Θ(y)V (y))
and
ρu · ∇xu+ A∇xργ = 1
(T − t) γ+12γ +1
[
ΘV · ∇yV (y) + A∇yΘγ(y)
]
,
µ∆xu+ (λ+ µ)∇x∇x · u = 1
(T − t) γ+12γ +1
(
µ∆yV (y) + (λ+ µ)∇y∇y · V (y)
)
.
Consequently, we obtain the systems governing the profile (Θ, V )


1
γ
Θ+ γ+1
2γ
y · ∇Θ+∇ · (ΘV ) = 0,
(
γ−1
2γ
V + γ+1
2γ
y · ∇V + V · ∇V )Θ+ A∇Θγ = µ∆V + (λ+ µ)∇∇ · V. (6.1)
Next, let us construct a special solution to (6.1). Here we hope to ignore the
viscosity terms in (6.1). Hence, we search for solutions to (6.1) with
V (y) = βy
for some constant β which will be determined later. Using this linear velocity field V ,
we reduce (6.1) to 

(
1
γ
+ nβ
)
Θ+
(
γ+1
2γ
+ β
)
y · ∇Θ = 0,
A∇Θγ = −(1 + β)βyΘ,
V (y) = βy.
(6.2)
Clearly, system (6.2) is over-determined. Fortunately, by choosing β so that
β = − 2
n(γ − 1) + 2 ,
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one has a solution to (6.2), which reads


Θ(y) = C
1
γ−1
n r
2
γ−1 ,
V (y) = − 2y
n(γ−1)+2
,
(6.3)
where the constants Cn are given in (1.12). It is clear that the example in Theorem
1.7 can be obtained by inserting (6.3) into (1.12).
Remark 6.1. It is interesting to construct regular solutions (Θ, V ) to system (6.1)
with
∇V ∈ Hs(s ≥ 2), Θ ∈ Lp ∩ C∞.
A solution in this class would yield a family of physically more reasonable solutions
which blow up in any given finite time. Unfortunately, we are not able to settle this
problem down at present. However, using the first equation in (6.1), it is easy to derive
the following a priori estimate
∣∣∣2p− 3(γ + 1)
2pγ
∣∣∣‖Θ‖pLp ≤ p− 1p ‖Θ‖
p
Lp‖∇ · V ‖L∞ .
This simply implies that profiles (Θ, V ) with sufficiently small ‖Θ‖Lp and ‖∇V ‖H2 do
not exist for any p 6= 3(γ+1)
2
. Hence, there is no self-similar blowup solutions to the
compressible Navier-Stokes equations (1.1) with sufficiently small initial data
∫
ρ0|u0|2
(. ‖ρ0‖
L
3
2
‖∇u0‖2L2), which agrees with the result in [18].
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